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Annotation: this article explores a relatively under-researched yet important topic in the theory of
polynomials within the course of Algebra and Number Theory - antisymmetric polynomials. It begins
by presenting the concepts of symmetric and antisymmetric polynomials, their main properties,
theorems, and lemmas. The article also discusses some applications of antisymmetric polynomials in
elementary mathematics, particularly their role in factoring polynomials, with illustrative examples.
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Annotatsiya: mazkur maqolada algebra va sonlar nazariyasi kursining ko‘phadlar nazariyasi
bo‘limiga oid bo‘lgan kam o‘rganilgan, ammo muhim mavzu - antisimmetrik ko‘phadlar haqida so‘z
yuritiladi. Dastlab simmetrik va antisimmetrik ko‘phadlar tushunchalari, ularning asosiy xossalari,
teorema va lemmalari bayon qilinadi. Shuningdek, antisimmetrik ko‘phadlarning elementar
matematikadagi tatbiqlari, jumladan, ko‘phadlarni ko‘paytuvchilarga ajratishdagi o‘rni misollar orqali
ochib beriladi.

Kalit so‘zlar: antisimmetrik ko‘phadlar, simmetrik ko‘phadlar, ko‘phadlar nazariyasi, algebra, sonlar
nazariyasi, ko‘paytuvchilarga ajratish, elementar matematika, teorema, lemma, polinomlar xossalari,
antisimmetriya.

Аннотация: в данной статье рассматривается сравнительно малоизученная, но важная тема в
разделе теории многочленов курса алгебры и теории чисел - антиссимметричные многочлены.
Сначала приводятся понятия симметричных и антиссимметричных многочленов, их основные
свойства, теоремы и леммы. Также рассматриваются некоторые приложения
антиссимметричных многочленов в элементарной математике, в частности, их роль в
разложении многочленов на множители, с примерами.

Ключевые слова: aнтиссимметричные многочлены, симметричные многочлены, теория
многочленов, алгебра, теория чисел, разложение многочленов, элементарная математика,
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In the section on the theory of polynomials within the Algebra and Number Theory course,
students are thoroughly introduced to symmetric polynomials - that is, polynomials that remain
unchanged when any two of their variables are interchanged. The fundamental theorem on symmetric
polynomials and its many applications are studied.
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In this article, however, we will focus on a relatively less-studied class of polynomials -
antisymmetric polynomials - which are very closely related to symmetric polynomials. We will
introduce antisymmetric polynomials and consider some of their applications in elementary
mathematics.

Antisymmetric polynomials are those that change their sign when any two of their variables are
swapped.

Let us first consider antisymmetric polynomials in two variables. Examples of such polynomials
include x-yx-yx-y, x3-y3x^3-y^3x3-y3, and x4y-xy4x^4y-xy^4x4y-xy4. For instance, if we swap the
variables xxx and yyy in the polynomial x3-y3x^3-y^3x3-y3, we get y3-x3y^3-x^3y3-x3, which is
equal to -(x3-y3)-(x^3-y^3)-(x3-y3). Therefore, x3-y3x^3-y^3x3-y3 is an antisymmetric polynomial.
In the same way, it can be shown that x-yx-yx-y and x4y-xy4x^4y-xy^4x4y-xy4 are also
antisymmetric polynomials.

As an example of an antisymmetric polynomial in three variables, consider the polynomial (x-
y)(x-z)(y-z)(x-y)(x-z)(y-z)(x-y)(x-z)(y-z). If we swap the variables xxx and yyy, we get (y-x)(y-z)(x-
z)=-(x-y)(x-z)(y-z)(y-x)(y-z)(x-z)=-(x-y)(x-z)(y-z)(y-x)(y-z)(x-z)=-(x-y)(x-z)(y-z). Likewise, if other
pairs of variables are interchanged, the sign of the polynomial changes.

Here we present an important property of antisymmetric polynomials: the square of an
antisymmetric polynomial is a symmetric polynomial.

In fact, when we interchange any two variables, an antisymmetric polynomial changes its sign.
However, the square of the polynomial does not change its sign. Therefore, when we swap any two
variables in the square of an antisymmetric polynomial, the polynomial remains unchanged-that is, the
square of an antisymmetric polynomial is a symmetric polynomial.

Not only the square of an antisymmetric polynomial, but also the product of any two
antisymmetric polynomials is a symmetric polynomial. This is because, when we swap any two
variables, both of the polynomials change sign, so the overall sign of their product does not change.

On the other hand, if we multiply an antisymmetric polynomial by a symmetric polynomial, the
result is an antisymmetric polynomial. This happens because, when we swap any two variables, the
antisymmetric polynomial changes sign while the symmetric one does not, so the product changes sign
overall.

Let us now clarify how any antisymmetric polynomial is constructed. The above statement
points to a general method for constructing antisymmetric polynomials: we multiply an antisymmetric
polynomial by any symmetric polynomial, and the product will be an antisymmetric polynomial.

A natural question arises: can we find a single antisymmetric polynomial such that, when
multiplied by all symmetric polynomials, it generates all antisymmetric polynomials for a given
number of variables?

Let’s start with polynomials in two variables. In this case, the antisymmetric polynomial we seek
is x−yx - yx−y. In other words, the following theorem holds.

Let us now present the main theorem and lemma about antisymmetric polynomials.
Theorem. Any antisymmetric polynomial f(x,y)f(x, y)f(x,y) in two variables can be expressed

as

f(x,y)=(x-y)g(x,y),f(x,y)=(x-y)g(x,y),f(x,y)=(x−y)g(x,y), where g(x,y)g(x, y)g(x,y) is a symmetric
polynomial in xxx and yyy.

Lemma. If f(x,y)f(x, y)f(x,y) is an antisymmetric polynomial, then
f(x,x)=0. f(x,x)=0.f(x,x)=0.

In other words, when xxx and yyy coincide, an antisymmetric polynomial becomes zero.
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Antisymmetric polynomials have applications in many areas of mathematics. Examples include
polynomial factorization, calculation of the discriminant and checking the roots of equations, proving
inequalities and identities, and rationalizing denominators.

Let us now consider some applications in elementary mathematics, in particular, applications to
polynomial factorization. The fundamental theorem on antisymmetric polynomials makes it
significantly easier to solve certain problems in elementary algebra. Since any antisymmetric
polynomial in three variables is divisible by the polynomial (x−y)(x−z)(y−z)(x - y)(x - z)(y -
z)(x−y)(x−z)(y−z), it is always possible to factor an antisymmetric polynomial in this way. Here, the
remaining factor is a symmetric polynomial. In turn, this symmetric polynomial can sometimes also be
factored. It should be noted that, in order to find the ratio of an antisymmetric polynomial to this cubic
polynomial, it is not practical to perform a direct polynomial division. Instead, using specific
numerical values for the variables is a more convenient method. In particular, if the antisymmetric
polynomial has degree three, the ratio will be a polynomial of degree zero-that is, a constant. The
relation will be an affinity, that is, it will hold for arbitrary values of . Therefore, to determine the
number of , it is sufficient to assign some (mutually distinct) numerical values to in the last equation,
from which the number of is determined.

If is a fourth-degree antisymmetric homogeneous form, then ratio will be a first-degree
homogeneous symmetric form, that is, ( -number), and here it is sufficient to assign some numerical
values to in order to determine the unknown coefficients .

Similarly, if is a fifth-degree antisymmetric homogeneous form, then the ratio will be a second-
degree homogeneous symmetric form, that is, it will have the form , where and are unknown
coefficients. To find the two unknowns and , we need to assign numerical values to twice.

If is a sixth-degree antisymmetric homogeneous form, then will be .
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